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It is the main purpose of this paper to determine the extremal values of the 
Euler characteristic of unions of at most n polytopes, disregarding the dimen- 
sion d of the space in which they lie. 
1. INTRODUCTION 
For d >, 1, denote by Ed the d-dimensional Euclidean space, by Ed 
the class of ail nonempty convex polytopes CC Ed, and by v3” the class 
of all nonempty compact polyhedra P C Ed. Thus the members of ‘pa 
are the finite unions of polytopes. For a fixed positive integer n, let ‘!Qdvn 
be the set of all polyhedra P E yd for which there exists a family (Cv)l~Vsn 
of n polytopes C, E Kd such that 
P = u {C,: 1 < v < n]. (1.1) 
Of course there are arbitrarily many representations of this kind, for a 
given polyhedron. 
Denoting by x the Euler characteristic, we define 
p(d, n) := max{xP: P E q”*“}; (1.2) 
q(d, n) := min{xP: P E qdsn}; (1.3) 
p(n) : = max{p(d, n): 1 < n < co}; (1.4) 
q(n) := min{q(d, n): 1 < n < co}. (1.5) 
It is easy to verify that these extremal values of x are well defined integers. 
The reader will remember that there are at least two functions called 
“the Euler characteristic”: an additive set function x1 , as it is described, 
for example, in [I], and a function xz , defined over the class of all poly- 
hedral complexes, as in Grtinbaum [2], p. 138. However, if K is a complex 
and P its underlying polyhedron, we always have xlP = x2K which 
allows us to denote both functions by the same letter, x, without too 
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much risk of confusion. It is the purpose of this paper to determine the 
numbers p(n) and q(n), defined under 1.4 and 1.5, that is, the extremal 
values of the Euler characteristic of unions of at most n polytopes, 
disregarding the dimension of the space in which they lie. By exhaustion 
of a few simple cases we find 
p(l) = 1, p(2) = 2, p(3) = 3, q(1) = 1, q(2) = 1, q(3) = 0. 
To give our main result a convenient form, we set 
n=4kfifl, Oek<m, ig{l, 2, 3,4); (1.6) 
q*(n) = 1 - (“+2i- l), 
n = 4k + i, l<k<co, iE(0, 1,2, 3). (1.7) 
2. THE MAIN RESULT 
With these abbreviations we now can formulate our principal statement. 
THEOREM. 
P(n) = P*w, (2.1) 
s(n) = s*i4. (2.2) 
The list below contains the firstfl?w values of p and q. 
n p(n) 404 
1 1 
2 2 
3 3 
4 4 
5 5 
6 11 
7 21 
8 36 
9 57 
10 127 
11 253 
12 463 
1 
0 
-2 
-5 
-9 
-14 
-34 
-69 
-125 
-209 
-461 
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3. FIRST PART OF THE PROOF 
Here we show p(~z) <p*(n), q(n) > q*(n), for all n > 4. Given a 
polyhedron P E yden, choose a family (CV)rsVsn of polytopes covering P, 
as in (1.1). By the additivity of x we find 
XP = DxC, - E2x(Cv n C,) + Z3~(Cv n C, n CA) - .a. , (3.1) 
where ZT indicates that we extend the summation over all subsets of 
UY., M} containing r elements. Relation (3.1) is equivalent to the relation 
XP = i (-l)“-1 N, , 
s=1 
where N, is the number of all subsets (or ,..., v,} C {l,..., n} with s elements 
vi (1 < i < S) such that CV, n ..I n CV8 # o. Notice that NO = 1, 
Nr = n. Let Y2 be the nerve of the family (Cv)l~.v~n, that is the (abstract) 
simplicial complex % whose set of vertices is (I,..., n}, and which has 
the property that (vl ,..., YJ C { I,..., IZ] is a simpIex of % if and onIy if 
CU1 n *.w n Cv, # @. N, is the number of all (s - I)-dimensional sim- 
plexes in 91, and 3.2 can be written as 
xp = xx (3.3) 
which tells us the well known fact, that the characteristic of a polyhedron 
P equals the characteristic of the nerve of any convex covering of P. 
We define numbers U, v by the requirements 
2u <dim% <2u+ 1; (3.4) 
2u - 1 < dim % < 2~. (3.5) 
Equation 3.2 implies 
xp 2 - il (%A - Nw-1). (3.7) 
We want to show that for all positive integers n, all simplicial complexes 
% with vertex set {l,..., n} and all numbers s, 1 < s < n, the following 
equation holds: 
(3.8) 
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To this end we proceed by induction on n. The case n = 1 is easily 
established, so let us assume n >, 2, consider a simplicial complex 9I 
whose set of vertices is {l,..., n}, and a number s. Since (3.8) is trivially 
true for s = I, we suppose s 3 2. Denote by %’ the antistar of IZ in 8, 
that is, the set of all simplexes of % that do not contain the vertex n; 
and by W’ the link of n in IIZ, that is, the set of all elements of 111’ that 
lie in a simplex of 111 containing 12 among its vertices. %’ and W’ are 
simplicial complexes whose vertices belong to {I,..., n - I}, and if we 
denote by N,’ and Nl the numbers of their (t - I)-dimensional simplexes 
(t > 0), we have, for all s > 1, the obvious relation N, = N,’ + Nb_‘_, , 
hence for s 3 2, 
N, - N,-, = (N,’ + NI-,) - (N,‘-, + N:-,) 
= (N,’ - N,‘-,) + (N[-, - Nl-,). 
Using the inductive assumption for ‘W and W’we immediately establish(3.8). 
The numbers N, also satisfy the inequality 
Since N, < (‘J, this is sharper than 3.8, but we shall not use it here. 
Applying 3.8 to 3.6 and 3.7 we find 
XP d yll (61Y (3; 
XP 2 - A$, (-lY(;). 
An elementary formula (compare Riordan [3, p. 331) yields 
XP < 1 + (;u_t*l 1 
xP>,l-(“,‘), 
and hence 
(3.13) 
q(n) 2 1 - max (3.14) 
By a discussion of the binomial coefficients we arrive at the desired result 
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4. SECOND PART OF THE PROOF 
Now we show p(n) >,p*(n), q(n) < q*(n), for all n >, 4. As in the 
preceding section consider the set { l,..., n}. Let u be a positive integer 
with 2u < n - 2, and denote by !lI 2U the complete 2u-complex with 
vertices {l,..., n}, that is, the complex whose simplexes are all subsets of 
{I,..., n> with cardinality at most 221 + 1. The characteristic of ‘P” is, 
by Riordan’s formula 
PU = 1 + (&‘,j. 
A theorem by the second author (compare Griinbaum [4], p. 64, 
Theorem 1) guarantees the existence of a simplicial complex ‘%I whose 
nerve is isomorphic to WU. If the dimension of W is W, we can embed !lJD1 
rectilinearly into the Euclidean (2w + 1)-space, thus obtaining a poly- 
hedron P, C E2*f1. The Euler characteristic of P, is, by (3.3) 
XP, = ,tw = 1 + &ll). 
Since such a polyhedron P, can be found for all positive integers u with 
2u < n - 2 we conclude 
An> 2 max 11 + (~~llj: 0 ,< u < (n - 2)/2! = p*(n). (4.3) 
The proof of q(n) < q*(n) is quite analogous, and thus our theorem 
follows. 
Remark. It seems much harder to calculate the numbers p(d, n) and 
q(d, n), defined in (1.2) and (1.3). However, an elementary geometric 
consideration shows that 
PC&~) = n, 
q(2, n) = (3 - n) n/2. 
(5.1) 
(5.2) 
REFERENCES 
1. H. HADWIGER, Eulers Charakteristik und kombinatorische Geometrie, J. Reine 
Angew. Math. 194 (1955), 101-110. 
2. B. GRONBAUM, “Convex Polytopes,” Wiley, New York, 1967. 
3. J. RIORDAN, “Combinatorial Identities,” Wiley, New York, 1968. 
4. B. GR~~NBAUM, Nerves of simplicial complexes, Aequationes Math. 4 (1970), 63-73. 
